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1. Introduction
Many imaging and interferometric applications, such as atomic force microscopy [1], nanoparticle detection [2], fluo-
rescence microscopy [3], lithography [4], and gravitational wave detection [5], require an optical beam with a precise
transverse position. Even if all classical noise sources are eliminated, the position accuracy is fundamentally limited
by quantum fluctuations. The standard quantum limit (SQL) can be derived by assuming statistically independent pho-
tons [1,3,6], although it can be beaten by using multimode squeezed light [6,7]. The ultimate quantum limit allowed by
the Heisenberg uncertainty principle, on the other hand, has been derived by Barnett et al. [8], but the derivation takes
only two spatial modes into account and lacks generality. It is also unknown whether current techniques of position
accuracy enhancement [7] can in principle reach the Heisenberg limit.
In this summary, the SQL and the Heisenberg limit on the optical beam position accuracy are rigorously derived,
fully accounting for the continuous nature of the position and momentum variables. A simple scheme of beating
the SQL by self-focusing of an optical beam in a Kerr medium is then proposed, extending the adiabatic temporal
soliton expansion scheme proposed earlier [9] to the spatial domain. Compared with previous demonstrations of spatial
multimode squeezing [7], the self-focusing scheme is significantly simpler to implement experimentally, and can in
principle reach the Heisenberg limit in a lossless nonlinear medium.
2. Rigorous derivation of quantum limits
For simplicity, we shall consider the beam position in one dimension. Extension to two dimensions is straightfor-
ward. We define the annihilation and creation operators of an optical beam in the transverse-momentum domain
as aˆ(k) and aˆ†(k), respectively, with the commutation relation [aˆ(k), aˆ†(k′)] = δ (k− k′). The total photon number
operator is then ˆN ≡
∫
dkaˆ†(k)aˆ(k). In the paraxial approximation, we can define the spatial annihilation opera-
tor as ˆA(x) ≡ (2pi)−1/2
∫
dkaˆ(k)exp(ikx), with the commutation relation [ ˆA(x), ˆA†(x′)] = δ (x− x′) [10]. The aver-
age position operator is then defined as ˆX ≡ N−1
∫
dx x ˆA†(x) ˆA(x), where N ≡ 〈N〉, and the beam width squared is
∆x2 ≡ 〈N−1
∫
dx x2 ˆA†(x) ˆA(x)〉. The average momentum operator, on the other hand, is ˆK ≡ N−1
∫
dk kaˆ†(k)aˆ(k), and
the momentum bandwidth squared is ∆k2 ≡ 〈N−1
∫
dk k2aˆ†(k)aˆ(k)〉. Without loss of generality, we let 〈 ˆX〉 = 0 and
〈 ˆK〉 = 0. The commutation relation between ˆX and ˆK is [ ˆX , ˆK] = i ˆN/N2, which leads to the Heisenberg uncertainty
relation 〈 ˆX2〉〈 ˆK2〉 ≥ 1/(4N2).
To derive the SQL, we assume coherent-field statistics [11], or 〈aˆ†(k)aˆ†(k′)aˆ(k)aˆ(k′)〉 ∝ 〈aˆ†(k)aˆ(k)〉〈aˆ†(k′)aˆ(k′)〉,
such that the average momentum uncertainty 〈 ˆK2〉 is given by 〈 ˆK2〉coh = ∆k2/N. The SQL on the average position
uncertainty is therefore
〈 ˆX2〉SQL =
1
4N2〈 ˆK2〉coh
=
1
4N∆k2 . (1)
To derive the Heisenberg limit, consider the non-negative quantity
∫
dkdk′(k− k′)2〈aˆ†(k)aˆ†(k′)aˆ(k)aˆ(k′)〉 ≥ 0. From
this inequality, it can be shown after some operator manipulations that the average momentum uncertainty cannot
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exceed the bandwidth, or 〈 ˆK2〉 ≤ ∆k2, for low photon number fluctuations. The Heisenberg limit is then
〈 ˆX2〉 ≥
1
4N2〈 ˆK2〉
≥
1
4N2∆k2 . (2)
By Fourier duality, derivation of the quantum limits on the momentum uncertainty 〈 ˆK2〉 is identical.
3. Proposed scheme
In a self-focusing Kerr medium, an optical beam collapses to a small spot beyond a certain critical power classically
[12], so the beam width ∆x(z) is expected to decrease during propagation. The quantum dynamics, on the other hand,
is governed by the quantized nonlinear Schro¨dinger equation. It can be shown that ˆK is a constant of motion, so
〈 ˆK2(z)〉= 〈 ˆK2(0)〉. If we assume that the initial beam is at the SQL, 〈 ˆK2(0)〉= 1/[4N∆x2(0)], but as the beam width
decreases, the SQL on 〈 ˆK2(z)〉 with respect to the reduced beam width is raised, while 〈 ˆK2(z)〉 remains constant. Thus,
〈 ˆK2(z)〉 becomes lower than the raised SQL,
〈 ˆK2(z)〉=
1
4N∆x2(0) <
1
4N∆x2(z) = 〈
ˆK2(z)〉SQL. (3)
A Fourier transform lens can then transform the enhanced momentum accuracy to the beam position in the far field,
as shown in Fig. 1. This scheme clearly works for both transverse dimensions of the beam, and may also be applied to
Bose-Einstein condensates.
Fig. 1. Schematic of beam position accuracy quantum enhancement by self-focusing.
An experimental realization of the proposed scheme should be possible with current technology. As long as the
quantized nonlinear Scho¨dinger equation is valid, there is no limit to which the beam width can be reduced, so in theory
the Heisenberg limit can be reached. In practice, however, loss, multiphoton absorption, higher-order nonlinearity and
other parasitic effects would all restrict the magnitude of the enhancement, in which case the impact of parasitic
effects can be studied using the formalism introduced in Ref. [13]. Periodic or adiabatic modulation of the Kerr
nonlinearity [14] can allow more precise control of the beam collapse and the magnitude of the quantum enhancement.
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